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STOCHASTIC PERMANENT BREAKS

Robert F. Engle and Aaron D. Smith*

Abstract—This paper bridges the gap between processes where shocks are
permanent and those with transitory shocks by formulating a process in
which the long-run impact of each innovation is time-varying and
stochastic. In the stochastic permanent breaks (STOPBREAK) process,
frequent transitory shocks are supplemented by occasional permanent
shifts. Consistency and asymptotic normality of quasi-maximum-
likelihood estimates is established, and locally best hypothesis tests of the
null of a random walk are developed. The model is applied to relative
prices of pairs of stocks and significant test statistics result.

I. Introduction

TIME-SERIES analysis tends to draw a sharp line
between processes where shocks have a permanent

effect and those where they do not. The most notable

example of this is the distinction between stationary AR(1)
processes, where all shocks are transitory, and the random
walk. As the autoregressive root approaches one, the rate at
which shocks are expected to decay decreases, but they
remain transitory. This paper aims to bridge the gap between
transience and permanence by formulating a process in
which the long-run impact of each observation is time-
varying and stochastic. At one extreme, all innovations are
transitory; at the other, all shocks are permanent.

The concept of varying the permanent impact of shocks is
linked to the familiar topic of structural change. Whenever a
shock or part of a shock has a permanent effect, we can
interpret this as a specific type of structural break. Under this
definition, a random walk has a break every period, but a
stationary ARMA process has no breaks. Processes such as a
threshold autoregression (Tong, 1983) have no breaks. The
parameters change values, which causes the innovations to
decay at a different rate, but nonetheless they remain
transitory.

The stochastic permanent breaks (STOPBREAK) process
is motivated by a class of processes that incur random
structural shifts at random intervals. Analysis of a structural
shift when the break point is known a priori generally
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involves standard test statistics and estimators (Chow,
1960). When the break point is unknown, the problem
becomes more difficult because the break point must be
estimated and, under the null of no break, this parameter is
unidentified. Andrews et al. (1996), Andrews (1993), Han-
sen (1992), Christiano (1992), and others have studied this
problem in various contexts. When considering multiple
break points, the problem becomes further complicated
because it requires specification of the number of breaks and
inclusion of enough parameters to account for each regime.
This becomes intractable when the number of break points
becomes large.

From a forecasting perspective, the errors of finding too
many breaks and not enough breaks are very different,
resulting in either bias or imprecision. Linear moving-
average smoothers often forecast this type of data relatively
well, but they lack flexibility. We approach the problem from
a different angle, treating the breaks endogenously by
inferring their magnitude and frequency from realizations on a
single random variable. This allows the model enough flexibility
to react to breaks without overloading on parameters.

We apply the STOPBREAK model to relative prices of
pairs of stocks, conjecturing that a pair of stock prices may
move together for periods of time and jump apart occasion-
ally. They may exhibit a type of temporary cointegration. We
expect this relationship to be strongest between stocks
within the same industry, as they are likely to have more
common components in their stock price determinants.

The paper proceeds as follows. In the next section, we
introduce the process and discuss its properties and its
relation to other nonlinear time series processes. Sections III
and IV treat hypothesis testing, and section V estimation
issues. Empirical results follow in section VI.

II. STOPBREAK Process

In its simplest form, the STOPBREAK process is:

yt 5 mt 1 et, t 5 0, 1, . . . ,T, (1)

whereet is a stationary martingale difference sequence, and
mt is a time-varying conditional mean which is updated via

mt ; mt21 1 qt21et21

5 m0 1 o
i51

t

qt2iet2i , t 5 1, 2, . . . ,T.

(2)

We assume throughout thatm0 is fixed and known and thate0

is known. Let5Ft 6 denote an increasing sequence ofs-fields
adapted toyt and letqt 5 q(et); thenmt21 5 E( yt 0Ft21), the
conditional mean. If the functionqt 5 q(et) satisfiesE(qtet 0
Ft21) 5 0, thenmt is also the multiperiod forecast ofy.

In addition, we assume that the function is bounded by
zero and one and thatq/ 0e 0 is non-negative and finite with
probability to 1 (wp 1). This formulation is based on the

assumption that the time series is less likely to mean revert
after a large shock than after a small one. Ifq̃t 5 1, then the
realized process at timet is a random walk.1 If q̃t 5 0, the
conditional mean does not change and, consequently, neither
does the long-run forecast foryt. Thus, we have a process
where the permanence of a shock is determined endog-
enously. For example, in the stock market, investors may
perceive large shocks as containing significant informational
content and small shocks as mere noise. Consequently, their
valuations and expectations react only to large shocks.
Biological systems may fluctuate around some constant
level of fitness with occasional mutations having large
permanent effects. An economy may be subject to sporadic
permanent supply shocks and frequent transitory demand
shocks. Technology growth and crime rates are examples of
other series that could potentially behave similarly.

In the above discussion,q is formulated as a function only
of the current innovation; however, any factor that is part of
the information set could be an argument in the functionqt.
For example, for modeling stock prices, relevant variables
may include macroeconomic announcements, profit an-
nouncements, interest rates, exchange rates, and so on.
However, it is unlikely that one could account for all
potential factors that could cause a permanent shift, and,
even if it were possible, it would overload the process with
parameters.

In this paper, we take an agnostic approach, assuming
only that permanent shifts will largely be reflected in an
innovation that is larger than the norm. A model specified in
this manner may not pick up small shifts in the mean and
thus will subsequently make systematic errors until the mean
moves sufficiently. It will also be prone to overreacting to
large transitory shocks, indicating equal and opposite breaks
rather than no break. Nonetheless, we maintain that the
simplicity and flexibility of the process more than offsets
these negatives if the goal is to obtain conditional forecasts.

The STOPBREAK process can also be considered a type
of error correction mechanism in the sense that it is
reactionary rather than anticipatory. It makes no attempt to
predict when a permanent innovation will occur, but merely
reacts to shocks by forecasting their degree of permanence.

A. Relation to Other Time Series Processes

The distinguishing feature of the STOPBREAK process is
that the permanent effect of shocks is time-varying and
stochastic. In some periods, breaks are permanent and in
other periods they are not.

DEFINITION: Consider some stochastic process5 yt 6,
t 5 0, 1, . . . ,T. Thepermanent effect of innovation tis

lt 5
d lim

k=`

f ( yt, k)

et
,

1 Unless otherwise indicated, the notationx̃t will indicate a realization on
the random variablext.
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where f ( yt, k) ; E( yt1k 0Ft), et 5 yt 2 E( yt 0Ft21), Ft

incorporates the entire past history of5yt6 and 5
d signifies

equality in distribution. This derivative can also be inter-
preted as the derivative with respect toyt, holding all pasty’s
fixed.

A martingale has the property that all shocks have a
permanent effect; i.e.,lt 5 1 wp 1 ;t. Conversely, iflt 5
0 wp 1 ;t, the process has no permanent breaks. Realiza-
tions, l̃t, between zero and one indicate partial permanent
breaks, so that some fraction of a shock is remembered. An
example is an integrated process with a negative invertible
moving-average component. Ifl̃t , 0, we have negative
permanent breaking where the process overcorrects for
shocks, and, ifl̃t . 1, shocks are magnified; i.e., the
permanent effect is greater than the initial effect. A linear
process with positively correlated first differences would
havelt . 1 wp 1;t. A permanent break is deemed to have
occurred at timet if the realized permanent impact of that
observation is nonzero; i.e., ifl̃t Þ 0.

A k period ahead forecast of the STOPBREAK process in
equation (2) is

E( yt1k 0 yt) 5 mt11 ; mt 1 qtet,

sinceE(mt1k0yt) 5 m t11. Differentiating with respect toet

gives the permanent impact of observationt as

lt 5 qt 1
q

e 0 et

et

5 qt(1 1 hq,t),

where hq,t ; (q/e 0 et
)(et/qt). Since bothqt and hq,t are

nonnegative wp 1, we havelt $ 0 wp 1 ;t. In the
STOPBREAK process, the long-run impact of shocks varies
over time: The limiting value of the impulse responses is
stochastic.2

Compare this to a stationary autoregressive process in
which the coefficients change values; i.e.,yt 5 rtyt21 1 et,
whereet is zero mean i.i.d. andrt is a random variable taking
the valuesr1 and r2 each with positive probability. The
mechanism that determinesrt could, for example, be
governed by a Markov chain as in Hamilton (1989) or a
threshold (Tong, 1983). As long as the process is stationary
in all regimes, it will havelt 5 0 wp 1;t. The rate at which
shocks decay changes across regimes, but the time series
remains fully mean-reverting. In fact, even if, sayr1 is unity,
the permanent effect of all observations will still be zero
with probability one. This arises because—assuming that
each regime is realized with positive probability—there will
eventually be enough periods of stationarity for the effect of
a shock to disappear.

The stochastic unit root process of Granger and Swanson
(1997), wherert varies stochastically around one, is also an
interesting case. Considerrt 5 exp (vt), where vt is a
stationary Gaussian series with mean µv and variancesv

2. If vt

contains some positive temporal correlation andE (exp
(vt)) 5 1, then the effect of past shocks is magnified, andlt is
infinite wp 1. If vt is such thatE(exp (Sk51

` vt1k)) , 1, all
shocks eventually die away; i.e.,lt 5 0 wp 1 ;t. Between
these two extremes is a knife edge where the process
exhibits stochastic permanent breaks. However, the perma-
nent impact of shocks tends to fluctuate around one in this
case, so the process does not bridge the gap between
permanence and transience as STOPBREAK does.

Consider the following process:

yt 5 µt 1 et, t 5 1, 2, . . . ,T, (3)

where µt 5 µt21 1 ut , prob (ut 5 0) 5 (1 2 pu),
prob (ut , N(0, su

2)) 5 pu andet , N(0, se
2). We can rewrite

equation (3) as

D yt 5 ut 1 et 2 et21.

It is obvious that the shocksut have a permanent effect onyt

and that the shockset have a transitory effect. However, it is
difficult to formally define the permanent effect of an
innovation as above, because it is not clear what form
E( yt1k 0yt) takes for this model. The random variable µt is not
measurable-Ft21 and is not the conditional mean.

The best linear representation for the process in equation
(3) is an integrated moving-average or, by another name, the
exponential smoother. The exponential smoother has con-
stant partial permanent breaks wp 1 in each period. A fixed
proportion of each shock remains permanent, where this
proportion is determined by the probability of a permanent
shock,pu, and by the relative variances of the two innovation
terms. We show in section VI that a STOPBREAK model is
able to forecast the process in equation (3) significantly
better than the exponential smoother.

B. Properties of the STOPBREAK Process

We can rewrite the basic STOPBREAK in the equation
(1) and (2) process as

D yt 5 et 2 ut21et21, t 5 1, 2, . . . ,T, (4)

whereut21 5 1 2 qt21. To forecast from this process, we
require an estimate ofet21, which ultimately requires a
forecast ofe0 which is not observed. That is, we require the
process to be invertible, which means that the estimate of
et21 depends one0 with a coefficient that vanishes with
probability one for larget.

THEOREM 1: The nonlinear moving-average process in
equation (4) is invertiblewp 1 if E( 01 2 qt(1 1 hqt)\

2 At this point, there is no upper bound onlt. However, sufficient
conditions for invertibility of the moving-average representation of the
process will be shown to suggest some logical bounds.
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Ft21) # ct , 1, where hqt 5 (et/qt)(q/e) 0 et
and 5ct6

is a deterministic sequence defined such thatlimT=` Pt51
T

ct 5 0.

Proof: See appendix.

Invoking the conditions of theorem 1, we haveE(lt 0Ft21) ,
2, although intuition suggests that the majority of the
probability mass forlt would lie in the [0, 1] interval. Values
greater than one may arise from second-order effects through
the functionqt. An increase inet raises the long-run forecast
of yt1k firstly by proportionqt and secondly by raising the
value ofqt. Thus, depending on the properties of the function
qt, the final effect of a change inet may exceed the value of
the change; i.e., the permanent effect of shocks may be
greater than one.

The simplest example of a functional form forqt that
satisfies the conditions in theorem 1 is a threshold function,
where qt takes the value one for values ofet greater in
absolute value than some threshold, and zero otherwise.
Although the elasticity ofqt with respect toet is infinite at the
threshold, we can still claim invertibility wp 1 since this
event occurs on a set of measure zero.

We choose to specifyqt as a continuous function. This
allows for partial permanent breaks in the process, so that
shocks in the gray area between large and small have only
some proportion that is permanent. Intuition suggests that
this less rigid specification may better represent many
empirical data.

Suppose that a correctly specified model forqt is

qt(g) 5
et

2

g 1 et
2

, g . 0. (5)

Under this specification, there is a smooth transition be-
tween the two extremes as shown in figure 1. A more rapid
transition is obtained by increasing the exponent onet to
four. It turns out that most smooth functions of the shape in
model (5) will satisfy the conditions of theorem 1. To violate
these conditions, one needs a function with a steep section
that is realized with a high-enough probability to drive
E(lt 0Ft21) above two.

Along with its simplicity, an advantage of this specifica-
tion is that it collapses to one asg goes to zero. This enables
parametric testing of the random-walk null hypothesis. A
number of other specifications, such as the logistic, can only
collapse in this fashion if an extra parameter is added. Then,
under the null, there is an unidentified parameter, which
introduces further complications to the testing problem.

Another useful property of the specification in (5) is that,
for all g . 0, qt 5 0 if and only if et 5 0; i.e., no nonzero
shocks are completely transitory. Thus, in periods of small
errors, the process is only approximately stationary. This
approximation proves beneficial for hypothesis testing be-

cause it yields test statistics with the standard distributions.
We return to this topic in section III.

C. Generalizations

The STOPBREAK process is a special case of the
following general breaking process:

A(L)B(L)( yt 2 x8td) 5 A(L)ztet 1 B(L)(1 2 zt)et,

t 5 1, 2, . . . ,T,

A(L) 5 1 2 a1L

2 a2L2 2 · · ·2 apLp,

B(L) 5 1 2 b1L

2 b2L2 2 · · ·2 bsLs,

(6)

where xt denotes a vector of explanatory variables,et an
innovation term,zt21 some measurable function of informa-
tion up tot 2 1, andL the lag operator.

Whenzt21 5 0 wp 1;t, B(L) is a common autoregressive
and moving-average factor that cancels out to leaveA(L)yt 5
et. Similarly, the process reduces toB(L)yt 5 et whenzt21 5
1 wp 1 ;t. Settingd 5 0, B(L) 5 1 2 L, A(L) 5 1, and
zt21 5 qt21(g0) obtains the basic STOPBREAK process.

FIGURE 1.—qt(g) PLOTTED AGAINST e t
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The general process in equation (6) will exhibit a chang-
ing permanent effect of shocks only if one of the lag
polynomials, sayB(L), contains a unit root and if the other
one has all roots outside the unit circle. This causes the effect
of innovations to range between permanent and transitory.
For example, considerd 5 0, B(L) 5 1 2 L, A(L) 5 1 and
suppose thatzt21 5 1 wp 1 if t 5 t* andzt21 5 0 wp 1 if t Þ
t*, where 1, t* , T. This process has a break in its mean at
t 5 t*; i.e., lt 5 1 wp 1 att 5 t*, andlt 5 0 wp 1 in all other
periods.

The general formulation in equation (6) also reveals a
number of possible generalizations to the simple STOP-
BREAK process. For example, the process could have some
temporal correlation when in ‘‘non-breaking’’ periods. This
corresponds tod 5 0, B(L) 5 1 2 L, A(L) 5 1 2 a0L, and
zt21 5 qt21(g0), and implies the moving-average representa-
tion:

Dyt 5 a0Dyt21 1 et 2 ut21et21, t 5 1, 2, . . . ,T, (7)

whereut21 5 1 2 (1 2 a0)qt21 and 0# a0 , 1. Nowyt has
an AR(1) and a random walk as its two extremes.

Including explanatory variables implies a type of tempo-
rary cointegration because it implies that a linear combina-
tion of variables follows a STOPBREAK process. This
linear combination is approximately stationary for periods
of time before moving and then remaining nearly stationary
at a new level for a period of time. The cointegrating
coefficients do not change. This parallels the practice of
intercept correction, which is often used in forecasting. (See
Hendry and Clements (1996).) The intercept is allowed to
shift to correct for mean shifts while keeping the fundamen-
tal relationship between the variables constant.

There are other special cases of process (6) wherelt is
equal to a constant wp 1. For example, ifd 5 0, A(L) 5 1 2
aL, B(L) 5 1 2 bL, and ifzt21 5 0 wp 1;t , t* andzt21 5
1 wp 1 ;t $ t*, we have an AR(1) process where the
autoregressive parameter transforms froma to b at t 5 t*.
This formulation is slightly different from a conventional
parameter shift, since the break in this case is not clean.
Unlessỹt is equal to its unconditional mean at the change
point, the influence of that point decays away exponentially.

III. Hypothesis Testing

In the long run, a STOPBREAK random variable has no
tendency to return to any previous point. With probability
one, there will be a period with a nonzero permanent break,
after which point the past has no predictability. Thus, the
process is not covariance-stationary, and its spectral density

at frequency zero is infinite. The long-run properties of the
series are like those of a random walk.

As shown in equation (4), the STOPBREAK process can
be written as a unit root process with a specific type of serial
correlation in differences. Thus, when data are generated
from a STOPBREAK process, Dickey-Fuller type tests do
not reject the unit root null with probability one in large
samples. However, there is some power against STOP-
BREAK because the downward bias in the estimate of the
autoregressive root is increasing ing0. Alternatively, one
could think of this as size distortion caused by inadequate
augmentation of the Dickey-Fuller statistic. Table 1 lists the
simulated power of a simple Dickey-Fuller test againstg0/s0

2

for a sample size of 1,000 using the STOPBREAK specifica-
tion in equation (7).

We formulate a test that is designed to distinguish
between a random walk and a STOPBREAK process.
Essentially, this test will search for plateaus inyt or, more
specifically, periods where the permanent effect of shocks is
low. Using the parameterization in equation (5), we can
write a model for the process in (1) and (2) as

D yt 5
2get21

g 1 et21
2

1 et.

From this, we see that the random-walk null can be
formulated parametrically as a test ofH0: g 5 0. Consider
testing against the point alternativeg 5 g. From the
Neyman-Pearson lemma, the most powerful test rejects for
large values of the likelihood ratio. Given theorem 1, we can
form the Gaussian conditional log likelihood functions
under the null and under the alternative, and write their
difference as

L1 2 L0 5 2
1

2s2 o
t51

T

11D yt 1
get21

g 1 et21
2 2

2

2 (D yt)22
5 2

g

s2 o
t51

T

1D yt

et21

g 1 et21
2 2

2
g2

2s2 o
t51

T

1
et21

g 1 et21
2 2

2

.

(8)

Thus, the most powerful test of the random-walk null is a
linear combination of two statistics, each of which depend
on the values of the parameters under the alternative. It
follows that there is no uniformly most powerful test of a
random walk against a STOPBREAK model. Consequently,
we considerg local to zero; i.e.,g 5 c/ÎT.

TABLE 1.—POWER OF DICKEY-FULLER TEST AGAINST STOPBREAK

g/s2 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Power 0.05 0.15 0.23 0.30 0.41 0.45 0.56 0.62 0.65 0.68 0.72

Monte Carlo experiment conducted at nominal size of 5% using 5,000 repetitions on samples of 1,000 observations.

557STOCHASTIC PERMANENT BREAKS



THEOREM2: Suppose thatet is a strictly stationary random
variable on a complete probability space(V, I, P) and is
a-mixing such that mva(m) = 0 for somev . 32.Then, for
any c. 0,

31T o
t51

T

1 et
2

(c/ÎT 1 et
2)22 2 E 1 et

2

(c/ÎT 1 et
2)224=p 0.

Proof: See appendix.

From theorem 2, the second term in equation (8) is
asymptotically equivalent to a constant. We show in theorem
3 below that the first term in equation (8) has a nondegener-
ate asymptotic distribution, which implies that it is a
sufficient statistic for the locally best test. This suggests
using at-test ofH0: f 5 0 against a negative alternative in
the following regression:

D yt 5 f
D yt21

g 1 Dyt21
2

1 µt. (9)

The standard distribution theory applies to thist-statistic.
This arises because the form ofqt21 means that the process is
never exactly stationary, implying that—under both the null
and the alternative—D yt contains no unit moving-average
roots. The result is formalized below under general assump-
tions onet.

THEOREM 3: Suppose that5yt6, t 5 0, 1, . . . ,T, is a
stochastic process represented by equation (1) and (2) with
qt(c0) 5 et

2/(c0/ÎT 1 et
2), c0 $ 0. Let 5et, Ft 6 be ana-mixing

strictly stationary martingale difference sequence with
E0et 04pq , ` and mva(m) = 0 where p, q . 1 and

v .
8p2q

(q 2 1)(p 2 1)
.

Suppose also thatet 0Ft21 is distributed symmetrically about
zero. Then,

tg 2 µ(T, c0, c) =d N(0, 1)

where

ty 5

o
t51

T

D yt

D yt21

c/ÎT 1 D yt21
2

1o
t51

T

1 ûtD yt21

c/ÎT 1 D yt21
2 2

2

2
1/2

,

µ(T, c0, c) 5 2
c0vTgg

vTsg

,

vTgg 5 E 1 et
2

(c0/ÎT 1 et
2)(c/ÎT 1 et

2)2 ,

vTsg
2 5 E 1 et

2et21
2

(c/ÎT 1 et21
2 )22 ,

c . 0 and ût denotes the least-squares residuals from the
regression in equation (9).

Proof: See appendix.

Since 5et, Ft 6 is a martingale difference sequence, the
mixing assumption in theorem 3 governs dependence in the
higher conditional moments ofet. The strength of these
mixing conditions can be reduced by increasing the moment
restrictions. For example, if all moments ofet are assumed to
exist, then the size of the mixing coefficients can be as low as
32. Alternatively, should we allow the size ofa(m) to be
arbitrarily large, we only require thatet have more than four
finite moments. It seems that the latter of these two would be
more likely to be binding in practice. Switching from mixing
of size 32 to sizè is unlikely to exclude many processes
and mixing of an arbitrarily large size still coversm-de-
pendent processes (those with a finite memory) and pro-
cesses in which the mixing coefficients decay exponen-
tially.3

From theorem 3, comparingtg to a standard normal is
asymptotically equivalent to the locally best test of a random
walk against the alternativec 5 c. However, in practice,
researchers are unlikely to know the correct value forc.
Further, they will not generally be interested in testing
against this specific alternative. They are interested in
determining whether there exists a value that provides a
significantly better fit than a random walk.

Setting c 5 c and assuminget i.i.d. normal, we use
theorem 3 to compute the envelope of maximum power.
Then, by comparing the power of the test againstc0 for a
givenc, we search for values ofc that yield power close to
the envelope. From figure 2, we see that choosingc such that
power is optimized somewhere between 50% and 75%
causes little loss in overall power. This translates to a choice
of µ(T, c, c) between21.5 and22.5. Given the Gaussianity

3 The main problem with the concept of mixing is that it is difficult to
verify theoretically and cannot be verified empirically. With considerable
extra work, one can replace the assumption thatet is mixing in theorem two
and three with the assumption that it is near-epoch dependent (NED) on a
mixing process (Davidson, 1994, Ch. 17). For example, ifet is a
GARCH(1, 1) process with more than four finite moments and i.i.d.
innovations, it can be shown thatet is NED on its innovation sequence. The
results in theorem two and three still hold in this case, even though it is
unclear whether or notet is mixing. Assuming thatet is NED also adds
significantly to the proof of corollary (4) (below) as we would then be
dealing with a process that is near-epoch dependent on an NED process.
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assumption, we can integrate to findvTsg, yielding

µ(T, c, c) 5 2
cvTsg

s0

5 2y* ÎT 1
1 1 y*

Îy*
Îp/2 exp (y*/2)

3 (1 2 F (Îg*)) 2
1

22
1/2

whereg* 5 c/Îs0T andF(z) is the standard normal CDF.
Table 2 lists recommended choices ofg* for various sample
sizes.

Sinces0
2 is generally unknown, we recommend approxi-

mating it with T21St51
T (D yt)2. This use of the data in

determiningg* will affect the distribution of the statistic, but
we speculate that the effect is small when compared to the
benefit of choosing the right order of magnitude forg*.

When c is set to zero, thetg statistic is a variant of the
Lagrange multiplier (LM) statistic for a test ofH0: g0 5 0.
From theorem 3, we see thatvTsg is infinite andvTgg is
finite, which implies that µ(T, c0, 0) 5 0 for all c0; therefore,
the test has no power. The statistic is asymptotically
distributed as standard normal under both the null and the
alternative. This failure of the LM test results from a
discontinuity in the functionqt(g) at the null, which causes
the likelihood function to degenerate. In particular, the
derivatives of the likelihood have no finite moments.

All of the above analysis is performed under the assump-
tion of Gaussianity, although it is unlikely that the STOP-
BREAK disturbances will be Gaussian. However, Monte
Carlo simulations of the asymptotic power curves under
both a mixture of normals and a GARCH(1, 1) reveal a
similar picture to that in figure 2. In fact, the power of the
test in these cases is slightly higher due to the excess
kurtosis, which helps by driving a wedge between small and
large shocks. The size remains correct.

IV. Testing in a More General Context

In many cases, empirical data will exhibit some temporal
correlation in all periods. In the remainder of the paper, we
analyze a more general process of the form in equation (7).
This introduces a complexity to the hypothesis-testing
problem, asa0 is unidentified under the random-walk null,
yet knowledge of it is required to compute the test statistic.
Thus, we must choose a value fora0, despite the fact that it
does not exist when the null is true. Suppose we choose the
valuea.

We compute the Neyman-Pearson test statistic as the
t-statistic onf in the following regression:

D yt 5 w o
i51

t

a2i21
D yt2i

g 1 D yt2i
2

1 ut. (10)

As before, the test statistic has an asymptotic normal
distribution. This result is given below in corollary 4.

FIGURE 2.—ASYMPTOTICPOWERCURVES

Note: Curves plot asymptotic power againstg* for T 5 200. The ‘‘true’’ curve is optimal everywhere, and the other curves are derived for fixedc such that power is optimized at the indicated level.

TABLE 2.—CHOOSING LOCAL POINT ALTERNATIVE

g* 0.79 0.52 0.40 0.18 0.10 0.074 0.060 0.035 0.018 0.011
T 50 75 100 250 500 750 1000 2000 5000 10000
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COROLLARY 4: Suppose that5yt6, t 5 0, 1, . . . ,T, is a
stochastic process represented by equation (7) under the
assumptions of theorem 3. Then

tg 2 µ(T, c0, c, a0, a) =d N(0, 1),

where

tg 5

o
t51

T

D yt o
i51

t

ai21
D yt2i

c/ÎT 1 D yt2i
2

1o
t51

T

1ût o
i51

t

ai21
D yt2i

c/ÎT 1 D yt2i
2 2

2

2
1/2

,

µ(T, c0, c, a0, a)

5 c0(a0 2 1)
vT agg

vT a g

,

vTa g
2 5 E 1et

2 o
i51

t

a2(i21)
et2i

2

(c/ÎT 1 et2i
2 )22 ,

vTagg 5 E 11o
i50

` a0
i et2i

(c0/ÎT 1 et2i
2 )2 1oi50

` aiet2i

(c/ÎT 1 et2i
2 )22 ,

and ût denotes least squares residuals from the regression in
(10).

Proof: See appendix.

We see that, ifa0 5 1, the asymptotic power of the test is
equal to the size for allc0. This also occurs whena 5 1,
because in this casevT ag

2 is infinite. This lack of power
arises because, whena0 5 1, the null of a random walk is
true. Asa0 goes to one, the correlation within the flat spots
increases until they are no longer flat; i.e., the rate at which
shocks are expected to decay goes to zero. In contrast, when
g goes to zero, the plateaus shrink in size, keeping the
correlation within them at a given level; i.e., we decrease the
probability that an observation will have a low permanent
impact. Thus, there are two distinct ways of parametrically
representing the random-walk null.

In order to maximize power, we should choosea to be as
close as possible toa0 as often as possible.4 One strategy
could be to choose it arbitrarily. This avoids using the data
and thus distorting the distribution of the test statistic. Since
the power of the test decreases asa goes to one, it would be
advisable to weight this choice ofa towards one. However,
if we choose it too close to one, the distribution of the test

statistic will be a function of Brownian motions and no
longer normal. This arises because the regressor in the test
equation becomes nearly integrated asa approaches one. A
possible choice isa 5 0.8.

A second strategy is to take the infimum oftg over feasible
values ofa as suggested by Davies (1977) and elaborated on
by Hansen (1996), Andrews (1993), and others. The null
distribution of this statistic is well defined but will depend on
the correlation oftg across various different values ofa that
will, in general, depend on the distribution ofet. In this case,
the simulated values prove reasonably robust to
GARCH(1, 1) and excess kurtosis. We conduct the test using
a [ [0, 0.9].

Finally, we could approximate the test by regressingD yt

on D yt2i/(g 1 D yt2i
2 ), i 5 1, 2, . . . ,p, wherep is some

predetermined number. Under the null hypothesis,TR2 from
this regression will be distributed asx(p)

2 . This procedure will
lose power because of the approximation and also because it
is unable to test against a one-sided alternative, but it is
relatively simple to perform.

V. Quasi-Maximum-Likelihood Estimation

Given invertibility, we can specify the Gaussian condi-
tional log likelihood function for the process in equation
(7) as

L( yT, w) 5 2
1

2s2 o
t51

T

(11)

3 (D yt 2 aD yt21 1 ut21et21)2

2
T

2
log (2ps2),

where w 5 (g a s)8 and yT 5 ( y1, y2, . . . ,y T). The
scores are given by

L

g
5 2

1

s2 o
t51

T

etwt, (12)

L

a
5 2

1

s2 o
t51

T

etvt, and (13)

L

a
5

1

s3 o
i51

T

et
2 2 Ts21, (14)

where

wt 5 bt21wt21 2 (1 2 a)
qt21

g
et21 , (15)

4 If et is distributed independently, the value that we choose fora has no
relation to the optimal choice ofc, since changinga serves only to scale the
power against a nonzeroc0 value proportionally. Otherwise, we speculate
that changinga will have little effect on the optimalc.
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vt 5 bt21vt21 1 qt21et21 2 D yt21, (16)

bt21 5 1 2(1 2 a)(1 1 hqt21)qt21, (17)

and, sincee0 is fixed and known,b0 5 w0 5 v0 5 0 wp 1.
Though the likelihood is constructed to be Gaussian, it is

not necessary that this be the true distribution. In fact, the
presence of large permanent shocks would indicate that
leptokurtic errors are likely. We derive consistency and
asymptotic normality results below under minimal assump-
tions on the errors.

THEOREM 5: Suppose that5yt6 is a stochastic process
represented by equation (7) with5et, Ft 6 a strictly stationary
a-mixing martingale difference sequence and E0et 02p , `
for some p. 1. Assume that qt(g) is as defined in equation
(5) and letC be a compact subset of(0, `) 3 [0, 1)3 (0, `).
Define ŵ 5 arg maxC L( yT, w) and w0 5 arg maxC
E(L(yT, w)), where w [ C and w0 is unique. Thenŵ 2

w0 =
p 0.

Proof: See appendix.

Given the regularity conditions of theorem 5, asymptotic
normality of QMLE requires further restrictions on the
moments and dependence ofet. It is worth noting that, as in
theorem 3, if it is assumed thatet has marginally more than
four finite moments, then thea-mixing coefficients must
decay at an arbitrarily large rate. This allows some condi-
tional heteroskedasticity, although it may not cover some
well-known processes such as GARCH. In the case of
GARCH, we note that the result in theorem 6 still holds if
the concept of near-epoch dependence is utilized (Davidson,
1994, Ch. 17). However, since this adds considerably to the
mathematics, we do not incorporate it into the result.5

THEOREM6: Suppose that the conditions of theorem 5 hold
and also that thea-mixing coeffıcients onet are of size
p/( p 2 1) and that E0et 04p , ` for some p. 1. Then

V0
21/2H0T1/2(ŵ 2 w0) =

d N(0, I ),

where V0 5 limT=` cov (T21/2=wL( yT, w0)), =wL( yT, w) rep-
resents the vector of first derivatives of L( yT, w), and

H0 5 3H01 0
08 H02

4
with H01 5 T21s0

22St51
T E(sts8t), H02 5 2/s0

2, and st 5
(wt, vt)8. Assume that H0 and V0 are finite, nonsingular, and
positive definite.

Proof: See appendix.

The result in theorem 6 may be of limited use in finite
samples, especially if the parameters are close to their
bounds. For example, the gradient of the likelihood function
approaches infinity asg goes to zero, causing confidence
intervals to become condensed on the lower side. The linear
approximation that yields the asymptotic normality result
may thus give misleading confidence regions. A similar
scenario arises whena is close to one.

Alternatively, confidence intervals can be formed by
inverting a likelihood-ratio statistic as in Schoenberg (1997)
and Cook and Weisburg (1990). This approach requires
finding the value of the parameter such that the likelihood is
significantly different from the unconstrained likelihood,
where significance is determined by the usualchi-square
distribution. Since the likelihood is explicitly used, this
method better accommodates the nonlinearity and asymme-
try in the model.

VI. Applications

A. Two-Shock Process

Consider the process in equation (3); i.e.,yt 5 µt 1 et

where µt 5 µt21 1 ut, prob (ut 5 0) 5 (1 2 pu), prob
(ut , N(0, su

2)) 5 pu, andet , N(0, se
2). Supposese

2 5 1.
Using simulated data and a variety of values for the
parameterspu andsu

2, we compare the mean square forecast
errors for a number of potential modeling approaches.

Forming conditional forecasts for this process is difficult
because it is not invertible. The parameters can be trivially
estimated via method of moments, which enables uncondi-
tional inference. Shephard (1994) and others have proposed
computationally intensive simulation techniques for comput-
ing the maximum-likelihood estimates. Although a STOP-
BREAK model is only an approximation, we contend that it
is very useful for producing conditional forecasts.

We consider three models: a random walk, an exponential
smoother, and STOPBREAK. Each is compared to the result
from an omniscient modeler who is able to recognize both
when a permanent shock has occurred and its magnitude.

The experiment is conducted over 100 trials of 6,000
observations each. The STOPBREAK model and the expo-
nential smoother are estimated over the first 5,000 observa-
tions. One-step-ahead forecasts are then computed for the
next 1,000 observations without reestimation of the model
parameters. Mean square forecast errors (MSFE) are com-
puted and compared with analytically calculated MSFEs
from a random-walk forecast. The results are shown in
table 3.

The far right column in Table 3 contains the difference
between the average MSFEs for the exponential smoother
and STOPBREAK, with associated standard errors. We see
that the relative performance of the STOPBREAK improves

5 As in corollary (4), we use near-epoch dependence (NED) to prove the
result in its current form. Thus, assuming thatet is also NED on a mixing
process would require dealing with NED functions of NED processes in
the proof. This requires significant extra work.
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with the variance of the permanent shocks. When the
variance of the permanent shocks is high, the exponential
smoother is penalized for its slow adjustment. In other
words, this scenario highlights the ability of the STOP-
BREAK model to react quickly to large permanent innova-
tions. As the permanent shocks become smaller on average,
the performance of the two models becomes insignificantly
different. These results are largely independent of the
frequency of the breaks, although, in some cases, the superiority
of the STOPBREAK model is less significant at low break
frequencies. This likely arises because the more permanent
breaks there are, the more opportunity the STOPBREAK
model has to exercise its comparative advantage.

B. Relative Stock Prices

Individual stock prices have a tendency to move together,
by virtue of their existence in a common market. This
empirical observation is supported by a number of asset-
pricing models, the most well known being the CAPM, in
which individual stock returns are proportional to the return
on the market portfolio. However, these models tell us little
about the dynamic features of relative stock prices. The goal
of this analysis is to gain insight into the dynamics of
relations between stock prices over time.

Many researchers have conducted cointegration tests
amongst asset prices, with mixed results. Chelley-Steeley
and Pentecost (1994) and Cerchi and Havenner (1988) both
find evidence of cointegration among stock prices, while
Stengos and Panas (1992) do not. Granger (1986) finds that
the predictability inherent in cointegrating relationships
precludes them from existing in an efficient market.

However, it may be that such relationships could exist
over short periods of time in a market with imperfect
information. Consider a market in which two stocks, A and
B, are traded. Suppose that firms A and B are in the same
industry. Various types of information will lead to a change
in the value of just one stock or of both. Whenever the price
of one stock changes, investors must ascertain whether this
information is relevant in determining the value of the other
stock. For example, if firm A announces better-than-expected
profits, it may indicate higher profits for the whole industry. The
price of stock B will initially rise to reflect this possibility and,
then, as more information becomes available, it may go to a new
‘‘high profit’’ level, in which case the ratio returns to its original
value. Otherwise, stock B may return to its initial point
leaving the ratio permanently at a new level. Thus, we
observe serial correlation in the relative price of the stocks
with a time-varying permanent impact of shocks.

As an example, the logarithm of the Mobil-to-Texaco
relative share price is shown in Figure 3. The presence of
apparently stationary sections indicates periods where shocks
have a low permanent impact punctuated by episodes of a
high impact. This is most evident in the last five years of the
sample where there are a number of three- to six-month
periods where the first-order autocorrelation in the series is
approximately 0.7.

We apply the STOPBREAK model to daily data on a
number of stocks over a sample period of January, 1988,
through December, 1995. The data were obtained from
Datastream International.

The results of tests of the random-walk null are presented
in table 4, where each column in the table contains the

TABLE 3.—MODELING THE TWO-SHOCK PROCESS: AVERAGE MEAN SQUARE FORECAST ERRORS

p su
2 Omniscient

Random
Walk

Exp.
Smoother STOPBREAK

(Exp. Smoother2
STOPBREAK)

0.01 2 1.02 2.02 1.16 1.16 0.00
(0.07) (0.06) (0.02)

0.05 2 1.10 2.10 1.38 1.38 0.00
(0.09) (0.08) (0.02)

0.1 2 1.20 2.20 1.58 1.58 0.00
(0.09) (0.09) (0.03)

0.01 5 1.05 2.05 1.26 1.22 0.04
(0.10) (0.07) (0.04)

0.05 5 1.25 2.25 1.66 1.59 0.07
(0.13) (0.11) (0.03)

0.1 5 1.50 2.50 2.03 1.95 0.08
(0.14) (0.13) (0.04)

0.01 10 1.10 2.10 1.38 1.28 0.09
(0.14) (0.09) (0.06)

0.05 10 1.50 2.50 2.02 1.86 0.15
(0.19) (0.16) (0.05)

0.1 10 2.00 3.00 2.66 2.49 0.16
(0.23) (0.21) (0.05)

0.01 20 1.20 2.20 1.57 1.39 0.18
(0.21) (0.14) (0.08)

0.05 20 2.00 3.00 2.64 2.38 0.26
(0.31) (0.28) (0.06)

0.1 20 3.00 4.00 3.79 3.52 0.26
(0.40) (0.38) (0.06)
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statistic computed using different methods of accommodat-
ing the unidentified parameter, as outlined in section V. We
see that the null is rejected in almost all cases, with the
conclusion generally invariant to the method of setting the
unidentified parameter.

QMLE estimates of the model over the full sample are
given in table 5 for four stock pairs. The estimates ofa and
the standardizedg are broadly similar across the four pairs,
although confidence bands are wider for Coke/Pepsico and
J&J/Merck. In both of these cases, there is a high positive
correlation betweenâ andĝ. Intuitively, the model is having
difficulty distinguishing between high temporal correlation
with few breaks and lower correlation with more breaks.

In all but one case, the estimates ofg are within two
standard deviations of zero, when heteroskedasticity-
consistent standard errors are used. However, 95 percent-
confidence intervals computed through inverting the appro-

priate likelihood-ratio statistic reveal a much shorter interval
on the lower end.

Comparing the estimated variance of the STOPBREAK
errors with the estimated variance ofD yt reveals a low fit,
with R2 often less than 1%. The low fit is not unexpected,
given the nature of financial data. However, it may possibly
be improved by a richer specification of the model. For
example, we could estimate some equilibrium relationship
between the stock prices rather than using the ratio. Incorpo-
rating features such as conditional heteroskedasticity and
more memory inqt could also prove fruitful.

A further indicator of the presence of stochastic perma-
nent breaks in stock price ratios is to compute potential
profits from a trading strategy. The STOPBREAK model
predicts the direction that the price ratio will move; that is, it
forecasts whether the prices will move towards or away
from each other. If they are predicted to move apart, the
investor will buy the higher-valued stock and sell the
lower-valued stock short. In a STOPBREAK framework,
such an investor is expected to make small gains regularly
and then to make either large gains or large losses when the
unexpected permanent shocks occur. On average, these large
profits and losses will cancel each other out, leaving an
accumulated wealth with no money down.

We compute the profits gained from enacting the above
pairs trading strategy for January, 1996, through June, 1997.
The model is not reestimated during the forecast period, and
standard errors are computed assuming that daily profits are
i.i.d. The results are given in table 6.

As a benchmark, we compare the STOPBREAK profits
with those from using the same strategy, but forecasting
using an exponential smoother and a twenty-day moving
average. For J&J/Merck and Mobil/Texaco, STOPBREAK
outperforms the other models both in terms of mean return

FIGURE 3.—LOG SHARE PRICE RATIO—MOBILE/TEXACO

TABLE 4.—TESTING THE NULL OF A SIMPLE RANDOM WALK

AGAINST STOPBREAK

supa

tg

Approx.
( p 5 5)

Approx.
( p 5 10) a 5 0.8

Coke/Pepsi 22.98** 15.08** 21.94** 22.88**
J&J/Merck 24.02** 18.00** 28.65** 24.01**
GM/Ford 23.23** 17.91** 20.78** 23.08**
Mobil/Texaco 25.11** 22.55** 33.20** 25.11**
ITT/Hilton 22.12** 16.25** 19.22** 21.96**
AT&T/MCI 22.24** 8.93 13.47 22.24**
McDD/Boeing 20.03 5.29 11.62 0.28
IBM/Microsoft 22.60** 7.37 13.46 22.60**
Coors/Anheuser-Busch 23.70** 13.63** 21.48** 23.66**
Critical Values: 10% 21.72 9.23 15.99 21.28
Critical Values: 5% 22.07 11.07 18.31 21.65

* indicates significance at 10%.
** indicates significance at 5%.
Critical values for the supa tg test were simulated using 1,000 repetitions on 1,000 observations anda [

[0, 0.9].
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and the Sharpe ratio.6 For the other two cases, the naı¨ve
moving-average model performs better. In no cases does the
exponential smoother beat the STOPBREAK model.7

VII. Conclusion

We have proposed a new approach to modeling processes
in which the effect of shocks fluctuates between permanent
and transient. Typically, such data exhibits periods of
apparent stationarity punctuated by occasional permanent
mean shifts. Rather than attempting to individually character-
ize a number of different regimes, we allow the process to
predict whether part or all of a shock will be permanent or
transitory. The stochastic permanent breaks (STOPBREAK)
process assumes that permanent shocks can be identified by

their larger magnitude, but this assumption should be viewed
as a special case rather than a necessity.

We considered two applications of a STOPBREAK
model. First, we analyzed simulated i.i.d. data with random
mean shifts of random amounts. The STOPBREAK model
can be viewed as an approximation to this type of process.
Out-of-sample mean square forecast errors reveal STOP-
BREAK to be on a par with the exponential smoother when
the variance of the permanent shifts is small. As the size of
the permanent shock increases, the relative performance of
STOPBREAK improves, and it becomes significantly better.

The second application involved pairs of stock prices. We
posit that the relative price of two stocks follows a STOP-
BREAK process. The two prices tend to move together for
periods of time and occasionally jump apart. Hypothesis
tests reveal evidence of stochastic permanent breaks, and
maximum-likelihood estimates are used to form a profitable
out-of-sample trading strategy.
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APPENDIX

Proof of Theorem 1

Let 5 ỹt6, t 5 0, 1, . . . ,T, be a sequence of realizations from the process
in equation (1) and (2) and write

ẽt 5 (1 2 q̃t21)ẽt21 1 D ỹt (t 5 1, . . . ,T), (A.1)

where5ẽt6 denotes the sequence of realizations from5et, It 6 that generated
5 ỹt6.

Invertibility requires that the innovations can be computed uniquely
from the observed time series. Consider the sequence of real numbers,ê0,
ê1, . . . , êT, where

êt 5 (1 2 q̂t21)êt21 1 D ŷt (t 5 1, 2, . . . ,T), (A.2)

andq̂t21 5 q(êt21). Suppose thatê0 is drawn from an unbounded uniform
distribution.

From Granger and Andersen (1978), the process is invertible if the
sequence5ẽt 2 êt6 converges to zero. Thus, since the recursions generating
5ẽt6 and 5êt6 are identical, it is sufficient to show that the starting value in
equation (A.2) has no effect in the limit. The result here could be termed
‘‘weak invertibility,’’ as we show only that convergence occurs wp 1.

Consider the effect onê1 of a perturbation inê0:

ê1

ê0
5 1 2 1q̂0 1

q

ê 0
ê0

ê02 .

This leads to

êT

ê0
5 p

t51

T êt

êt21
5 p

t50

T21

11 2 1q̂t 1
q

ê 0
êt

êt22
5 p

t50

T21

(1 2 q̂t(1 1 ĥ qt)).

Now, utilizing the law of iterated expectations, we have

E 0
êT

ê0
0 5 E 1p

t50

T21

01 2 q̂t(1 1 ĥqt) 02
5 E101 2 q̂0 (1 1 ĥq0) 0 p

t51

T21

E(01 2 q̂t(1 1 ĥqt) 0 0Ft21)2
# E 101 2 q̂0(1 1 ĥq0) 0 p

t51

T21

ct2
5 E01 2 q̂0(1 1 ĥq0) 0 p

t51

T21

ct

= 0 asT = `.

SinceE0êT/ê 0 0= 0 asT= `, we say thatêT/ê0 = 0 in L1 norm. From
Davidson (1994, theorem 18.13), this implies convergence in probability;
i.e.,

lim
T=` 1prob 10

êT

ê0
0 , d22 5 1

for everyd . 0, and the process is invertible wp 1. Q.E.D.

The following lemma will be useful in proving theorems 2 and 3 and
corollary 4.

Lemma A1

Let Xt be some strictly stationary, nonnegatively valued random
variable defined on a complete probability space. Consider the function

fTt 5
Xt

c/ÎT 1 Xt
2

where0 , c , `. Then, for all p. 0, E( f Tt
p ) 5 O(Tj p) for any j .

p/4(1 1 p).

Proof of Lemma A1:

ForT , `, we have

fTt 5
Xt

c/ÎT 1 Xt
2

#
T1/4

2c1/2
.

For somed , 1, we splitE( fTt) into two components: one forfTt less than
Td/4/2c1/2 and the other forfTt betweenTd/4/2c1/2 and the upper bound
T1/4/2c1/2. We then choosed to be the smallest value such that the
expectation of the latter component shrinks to zero. It follows that the
moments grow at the required rate.

Let I (Y . Z) be a function taking the value one ifY . Z and zero
otherwise. Now consider

E( f Tt
p ) 5 E( f Tt

p I ( fTt # Td/4/2c1/2)) 1 E( f Tt
p I ( fTt . Td/4/2c1/2))

# 1T
d/4

2c1/22
p

1 (E( f Tt
pq/(q21)))121/q(E(I( fTt . Td/4/2c1/2)))1/q

whereq . 1 (from Holder’s inequality). Using the boundedness off Tt
p and

the binary nature of the functionI (Y . Z), we have

E( f Tt
p ) # 1T

d/4

2c1/22
p

1 1T
1/4

2c1/22
p

(Prob (fTt . Td/4/2c1/2))1/q

5 1T
d/4

2c1/22
p

1 1T
1/4

2c1/22
p

(Prob (Xt [ [AT, BT]))1/q,
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where

AT 5 (c1/2/Td/4) (1 2 (1 2 T (d21)/2)1/2) 5 O(T2d/4), and

BT 5 (c1/2/Td/4) (1 1 (1 2 T(d21)/2)1/2) 5 O(T2d/4).

Now BT 2 AT 5 O(T2d/4); so, given that Prob (Xt [ [AT, BT]) # 1, we have
Prob (Xt [ [AT, BT]) 5 O(T2d/4). Thus,

E( f Tt
p ) # O(Tdp/4) 1 O(Tp/42d/4q) 5 O(Tjp),

where

j 5 min
0,d,1

max 1d/4, 1/42
d

4pq2 5
pq

4(1 1 pq)
.

p

4(1 1 p)
. Q.E.D.

Proof of Theorem 2:

Define

wTt 5
et

2

(c/ÎT 1 et
2)2

(t 5 0, 1, . . . ,T),

where 0, c , `. We use arguments similar to those in Andrews (1988)
and de Jong (1995) to show that

00T21 o
t51

T

wTt 2 E(wTt)00
2
= 0,

where\x\p ; (E(xp))1/p. For allm$ 1, we can write

T21 o
t51

T

wTt 2 E(wTt) 5 T21 o
t51

T

(wTt 2 E(wTt)) 2 E(wTt 2 E(wTt) 0ITt)

1 T21 o
t51

T

E(wTt 2 E(wTt) 0ITt)

2 E(wTt 2 E(wTt) 0ITt2m)

1 T21 o
t51

T

E(wTt 2 E(wTt) 0ITt2m)

5 T21 o
t51

T

o
j50

m21

E(wTt 2 E(wTt) 0ITt2j)

2 E(wTt 2 E(wTt) 0ITt2j21)

1 T21 o
t51

T

E(wTt 2 E(wTt) 0ITt2m)

; WT 1 VT.

DefineYTtj ; E(wTt 2 E(wTt) 0ITt2j) 2 E(wTt 2 E(wTt) 0ITt2j21) 5 E(wTt 0
I Tt2j) 2 E(wTt 0I Tt2j21) and note that5YTtj, ITt2j 6 is a martingale difference
sequence for allj. We have

\WT\2 5 3E 1T21 o
t51

T

o
j50

m21

YTtj2
2

4
1/2

# o
j50

m21

3E 1T21 o
t51

T

Ytj2
2

4
1/2

5o
j50

m21

3T22 o
t51

T

E(YTtj
2 )4

1/2

5 o
j50

m21

[T21E(YTtj
2 )]1/2

# T21/2 o
j50

m21

\E(wTt 0ITt2j)\2 1 \E(wTt 0ITt2j21)\2

from Minkowski’s inequality. Now, sincewTt is anITt-measurable function
of finite length, we have from White (1984, theorem 3.49) that5wTt, ITt6 is
mixing of the same size as5et, It 6. Thus, from Davidson (1994, theorem
14.2),

\E(wTt 0ITt2j)\2 # 2(1 1 Î2) \wTt\2pa( j)( p21)/2p

for somep . 1, wherea( j) denotes the strong mixing coefficient foret. It
follows that

\WT \2 # T21/22(1 1 Î2) \wTt\2p o
j50

m21

(a( j)( p21)/2p 1 a( j21)( p21)/2p)

# T21/24(1 1 Î2) \wTt\2pm.

Now, from lemma (A1), we have\wTt\2p 5 O(Th) whereh . 2p/(1 1 4p).
Thus, we letm increase withT by defining

m ; mT 5 3 dT21/22h

4(1 1 Î2)4 ,

whered . 0 and [x] denotes the largest integer less thanx. This implies

lim
T=`

\WT\ 2 # d.

Using theorem 14.2 of Davidson (1994) onVT yields

\VT \2 # T21 o
t51

T

\E(wTt 2 E(wTt) 0ITt2mT
)\2

# 2(1 1 Î2) \wTt 2 E(wTt)\2pa(mT)( p21)/2p

# 4(1 1 Î2) \wTt\2pa(mT)( p21)/2p

Now, since\wTt\2p 5 O(Th), we can use the definition ofmT to write
\wTt\2p 5 O(mT

l) where

l 5
h

1/2 2 h
.

2p/(1 1 4p)

1/2 2 2p/(1 1 4p)
5 4p.

It follows that, for some finite constantK

\VT\ 2 # K4(1 1 Î2)mT
l a(mT)( p21)/2p

5 K4(1 1 Î2)(mT
2lp/( p21)a(mT))( p21)/2p.

Note that 2lp/( p 2 1) . 8p2/( p 2 1) $ 32 is minimized atp 5 2.
Then, since we assumed thata(mT) is of size 32, we have\VT\2 = 0. Thus
\T21St51

T wTt 2 E(wTt)\2 = 0 and, therefore, from White (1984, theorem
2.42),T21St51

T wTt 2 E(wTt) =
p

0. Q.E.D.

Proof of Theorem 3:

We have

tg 5

1

vTsg ÎT
o
t51

T

D yt

D yt21

c/ÎT 1 D yt21
2

1
1

vTsg
2 T

o
t51

T

1
ûD yt21

c/ÎT 1 D yt21
2 2

2

2
1/2

where

vTsg 5 1E 1 et
2et21

2

(c/ÎT 1 et21
2 )222

1/2

.
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Note that

D yt21 5 et21 2
c0/ÎT

c0/ÎT 1 et22
2

et22

and consider the numerator oftg:

1

vTsg ÎT
o
t51

T

D yt

D yt21

c/ÎT 1 D yt21
2

5
1

vTsg ÎT
o
t51

T

1et 2
c0/ÎT

c0/ÎT 1 et21
2

et212
3 1et21 2

c0/ÎT

c0/ÎT 1 et22
2

et222
c/ÎT 1 D yt21

2

5
1

vTsg ÎT
o
t51

T

1
etet21

c/ÎT 1 D yt21
2 2

2
c0

vTsg
o
t51

T

1
etet22

(c0/ÎT 1 et22
2 )(c/ÎT 1 D yt21

2 )2
2

c0

vTsg T o
t51

T

1 et21
2

(c0/ÎT 1 et21
2 )(c/ÎT 1 D yt21

2 )2
1

c0
2

vTsg T3/2 o
t51

T

1
et21et22

(c0/ÎT 1 et21
2 )(c0/ÎT 1 et22

2 )(c/ÎT 1 D yt21
2 )2

We analyze each of these four terms separately, labeling them (i), (ii),
(iii), and (iv), respectively.

(i)
1

vTsg ÎT
o
t51

T

1
etet21

c/ÎT 1 D yt21
2 2

5
1

vTsg ÎT
o
t51

T

1
etet21

c/ÎT 1 et21
2 2 1

1

vTsg ÎT
o
t51

T

3 1 etet21(et21
2 2 D yt21

2 )

(c/ÎT 1 et21
2 )(c/ÎT 1 D yt21

2 )2
5

1

vTsg ÎT
o
t51

T

1
etet21

c/ÎT 1 et21
2 2 1

1

vTsgT
o
t51

T

3 1
etet21(2c0et21et22)

(c/ÎT 1 et22
2 )(c/ÎT 1 et21

2 )(c/ÎT 1 D yt21
2 )2

2
1

vTsgT3/2 o
t51

T

1 etet21(c0
2et22

2 )

(c/ÎT 1 et22
2 )2(c/ÎT 1 et21

2 )(c/ÎT 1 D yt21
2 )2

;
1

vTsg ÎT
o
t51

T

et fTt21 1 2c0

1

vTsg T o
t51

T

et fTt21 fTt22 fyTt21

2 c0
2

1

vTsg T3/2 o
t51

T

et fTt21 f Tt22
2 gyTt21,

where

fTt 5
et

c/ÎT 1 et
2

, fyTt 5
et

c/ÎT 1 D yt
2

, and

gyTt 5
1

c/ÎT 1 D yt
2

.

All three terms here are martingale difference arrays. For the first term, we
use the central limit theorem of Davidson (1994, theorem 24.3). For the
second and third terms, we proceed in a similar fashion to the proof of
theorem 2. One notable difference relates to terms withD yt

2 rather thanet
2

in the denominator. Since

0D yt21 0 5 0et21 2
c0/ÎT

c0/ÎT 1 et22
2

et220 ,
$ 0et21 0 2

c0
1/2

2T1/4
,

we have

0 et21

c0/ÎT 1 D yt21
2 0 # 0 et21

c0/ÎT 1 (0et21 0 2 c0
1/2/2T1/4)2 0 #

T1/4Î5

6c0
1/2

.

Thus, this term is bounded, and the bound and moments diverge at the
same rate as the term in lemma (A1).

Define

ZTt 5
T21/2etet21

vTsg(c/ÎT 1 et21
2 )

.

Since 5et, It 6 is a stationary martingale difference sequence,5ZTt, ITt6 is
also a martingale difference sequence for allc . 0. To use Davidson’s CLT,
we need to show that max1#t#T 0ZTt 0=

p
0 andSt51

T ZTt
2 =

p
1. We have

0ZTt 0 #
T21/2et

vTsg

T1/4

2c1/2
=

p
0,

implying that the first condition is satisfied. For the second condition, we
follow the proof of theorem 2 and write

o
t51

T

ZTt
2 2 1 5 vTsg

22 T21 o
t51

T

o
j50

m21

(E(et
2 f Tt21

2 0FTt2j)

2 E(et
2f Tt21

2 0FTt2j21)) 1 T21 o
t51

T

E(vTsg
22 et

2f Tt21
2 2 10FTt2m)

; WT 1 VT.

Since the summands ofWT are martingale differences, we have

\WT\ 2 # vTsg
2 T21/2 o

j50

m21

\E(et
2 f Tt21

2 0FTt2j)\2 1 \E(et
2 f Tt21

2 0FTt2j21)\2.

Then, sinceet
2 f Tt21

2 is mixing of the same size aset we can use theorem
14.2 of Davidson (1994) and then Holder’s inequality to obtain

\WT\ 2 # vTsg
22 T21/22(11 Î2) \et

2f Tt21
2 \2p o

j50

m21

(a( j)(p21)/2p 1 a( j21)(p21)/2p)

# vTsg
22 T21/24(11 Î2) \et

2\2pq \ f Tt21
2 \(2pq/q21)m

for somep, q . 1, wherea( j) denotes the strong mixing coefficient foret.
From lemma (A1), we have\ f Tt21

2 \(2pq/q21) 5 O(Th), where h .
2pq/(q 2 1 1 4pq). Now, we letm increase withT by defining

m ; mT 5 3 dT1/22h

2(1 1 Î2)\et
2\2pq

4 ,

whered . 0 and [x] denotes the largest integer less thanx. Then, sinceet
has 4pqfinite moments, we have

lim
T=`

\WT\2 # dvTsg
22 = 0.
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(Note at this point that the mixing conditions onet could be relaxed if we
had a nontrivial lower bound on the rate of divergence ofE(et

2 f Tt
2 ) 5 vTsg

2 .
In that case, we could allowmT to diverge at a faster rate, which in turn
would put less of a constraint on the rate that the mixing coefficients
converge to zero.)

Using theorem 14.2 of Davidson (1994) onVT yields

\VT\2 # 2(1 1 Î2)vTsg
22 \et

2\2pq \ f Tt21
2 \(2pq/q21)a(mT)( p21)/2p

and, since\ f Tt21
2 \(2pq/q21) 5 O(Th), we can use the definition ofmT to write

\ f Tt21
2 \(2pq/q21) 5 O(mT

l) where

l 5
h

1/2 2 h
.

2pq/(q 2 1 1 4pq)

1/2 2 2pq/(q 2 1 1 4pq)
5

4pq

q 2 1
.

It follows that, for some finite constantK,

\VT\ 2 # KmT
l a(mT)( p21)/2p

5 K(mT
2lp/( p21)a(mT))( p21)/2p.

Now 2lp/( p 2 1) . 8p2q/( p 2 1)(q 2 1), and so, from our assumption on
the size ofa(mT), we have\VT\ 2 = 0. Thus,\St51

T ZTt
2 2 1\2 = 0, which

impliesSt51
T ZTt

2 =
p

1 from White (1984, theorem 2.42). We can now invoke
the CLT in Davidson (1994, theorem 24.3) to obtainSt51

T ZTt =
d

N(0, 1).
Since 5et fTt21 fTt22 fyTt21, ITt6 is a martingale difference array, we can

proceed as forWT above to obtain

00 2c0

vTsgT
o
t51

T

et fTt21 fTt22 fyTt2100
2

# 2c0vTsg
21 T21/2 \et fTt21 fTt22 fyTt21\2

From the boundedness offTt22 and fyTt21, 0et fTt21 fTt22 fyTt21 0 # KTd/2 3
0et fTt21 0 with probability approaching one (wpa 1), for somed , 1,K , `.
It follows that

lim
T=`

2c0vTsg
21 T21/2 \et fTt21 fTt22 fyTt21\2 # lim

T=`
2c0vTsg

21 T21/2 \et fTt21KTd/2\2

5 lim
T=`

2c0 \et fTt21\2
21T21/2 \et fTt21\2KTd/2

5 lim
T=`

2c0T(d21)/2 5 0.

Thus, we have

00 2c0

vTsgT
o
t51

T

et fTt21 fTt22 fyTt210 0
2

= 0,

and, therefore,

2c0

vTsgT
o
t51

T

et fTt21 fTt22 fyTt21 =
p

0.

Similarly, we have

lim
T=` 00

c0
2

vTsg T 3/2o
t51

T

et fTt21 f Tt22
2 gyTt2100

2

# lim
T=`

c0
2vTsg

21 T21 \et fTt21 f Tt22
2 gyTt21\2

# lim
T=`

c0
2 \et fTt21\2

21 T21 \et fTt21\2 KTd

5 0,

and, therefore,

c0
2

1

vTsg T3/2 o
t51

T

et fTt21 f Tt22
2 gyTt21 =

p
0.

Thus, for term (i),

1

vTsg ÎT
o
t51

T

1
etet21

c/ÎT 1 D yt21
2 2=d N(0, 1).

(ii) Consider

c0

vTsg T o
t51

T

1
etet22

(c0/ÎT 1 et22
2 )(c/ÎT 1 D yt21

2 )2 5
c0

vTsg T o
t51

T

et fTt22gyTt21 .

Since5et fTt22gyTt21, ITt6 is a martingale difference sequence, we proceed as
above to get

lim
T=` 00

c0

vTsg T o
t51

T

et fTt22gyTt2100
2

# lim
T=`

c0vTsg
21 T21/2 \et fTt22gyTt21\2

# lim
T=`

c0 \et fTt21\2
21T21/2 \et fTt22KTd/2\2

5 0,

which implies that

c0

vTsg T o
t51

T

et fTt22gyTt21 =
p

0.

(iii)
c0

vTsg T o
t51

T

1 et21
2

(c0/ÎT 1 et21
2 )(c/ÎT 1 Dyt21

2 )2
5

c0

vTsg T o
i51

T

1 et21
2

(c0/ÎT 1 et21
2 )(c/ÎT 1 et21

2 )2 1
c0

vTsg T o
t51

T

1 et21
2 (et21

2 2 D yt21
2 )

(c0/ÎT 1 et21
2 )(c/ÎT 1 et21

2 )(c/ÎT 1 D yt21
2 )2

5
c0

vTsg T o
t51

T

1 et21
2

(c0/ÎT 1 et21
2 )(c/ÎT 1 et21

2 )2 1
2c0

2

vTsg T3/2 o
t51

T

1 et21
3 et22

(c0/ÎT 1 et21
2 )(c/ÎT 1 et21

2 )(c/ÎT 1 D yt21
2 )(c0/ÎT 1 et22

2 )2
2

c0
3

vTsg T2 o
t51

T

1 et21
2 et22

2

(c0/ÎT 1 et21
2 )(c/ÎT 1 et21

2 )(c/ÎT 1 D yt21
2 )(c0/ÎT 1 et22

2 )22
5

c0vTgg

vTsg

1
2c0

2

vTsg T3/2 o
t51

T

f Tt21
2 fyTt21 fTt22 2

c0
3

vTsg T2 o
t51

T

f Tt21
2 f Tt22

2 gyTt21 1 op(1)
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from theorem 2. From the assumption thatet 0Ft21 is distributed symmetri-
cally about zero,5 f Tt21

2 fyTt21 fTt22, FTt216 is a martingale difference se-
quence. Thus, proceeding as forWT above and using Holder’s inequality
yields

00T23/2 o
t51

T

f Tt21
2 fyTt21 fTt2200

2

# T21 \ f Tt21
2 \2p\ fyTt21\4p/( p21)\ fTt22\4p/( p21) 5 O(Th)

for anyp . 1 and any

h .
2p

1 1 4p
1

2p

5p 2 1
2 1.

Thus, we can choosep close enough to one such thath , 0 implying, from
White (1984, theorem 2.42),

2c0
2

vTsg T3/2 o
t51

T

f Tt21
2 fyTt21 fTt22 =

p
0.

Similarly, using Holders inequality and the boundedness ofgyTt, we
have

00T22 o
t51

T

f Tt21
2 f Tt22

2 gyTt2100
p

# T21\ f Tt21
2 \2p\ f Tt22

2 \2pT1/2 5 O(Th)

for anyp . 0 and any

h .
4p

1 1 4p
2

1

2
.

We can choosep such thath , 0, which implies

c0
3

vTsg T2 o
t51

T

f Tt21
2 f Tt22

2 gyTt21 =
p

0

from White (1984, theorem 2.42).
Thus,

c0

vTsg T o
t51

T

1 et21
2

(c0/ÎT 1 et21
2 )(c/ÎT 1 D yt21

2 )2 5
c0vTgg

vTsg

1 op(1).

(iv) From the assumption thatet 0It21 is distributed symmetrically about
zero, the summands of (iv) are a martingale difference sequence with
respect toITt21. Then, as above, we have

00T23/2 o
t51

T

fTt21 fTt22gyTt2100
2

# T21 \ fTt21\4\ fTt22\4T1/2 5 O(Th)

for any h . 2/5 2 1/2. Thus, we can chooseh , 0, and we have, from
White (1984, theorem 2.42),

c0
2

T3/2 o
t51

T

1
et21et22

(c0/ÎT 1 et21
2 )(c0/ÎT 1 et22

2 )(c/ÎT 1 D yt21
2 )2=

p
0.

Thus, for the numerator oftg, we have

1

vTsg ÎT
o
t51

T

D yt

D yt21

c/ÎT 1 D yt21
2

21z 2
c0vTgg

vTsg
2 5 op(1)

wherez, N(0, 1).
Consider the denominator oftg. Now,

ût 5 D yt 2 f̂
D yt21

c/ÎT 1 D yt21
2

.

where

f̂ 5

1

T o
t51

T

D yt

D yt21

c/ÎT 1 D yt21
2

1

T o
t51

T

1
D yt21

c/ÎT 1 D yt21
2 2

2
.

Since we have shown that

1

ÎT
o
t51

T

D yt

D yt21

c/ÎT 1 D yt21
2

2 (vTsgz 2 c0vTgg) 5 op(1),

using lemma (A1), we have that the numerator off̂ converges to zero.
Then, replacinget with D yt in the proof of theorem 2, we obtain that the
denominator is asymptotically equivalent to a nonzero constant. Thus,
f̂ =

p
0.

We have, for the denominator oftg,

1

vTsg
2 T

o
t51

T

1
ûtDyt21

c/ÎT 1 D yt21
2 2

2

5
1

vTsg
2 T

o
t51

T

1
etDyt21

c/ÎT 1 D yt21
2 2

2

1 op(1)

5
1

vTsg
2 T

o
t51

T

1
etet21

c/ÎT 1 D yt21
2

2
c0etet22

ÎT (c/ÎT 1 D yt21
2 )(c0/ÎT 1 et22

2 )2
2

1 op(1)

5
1

vTsg
2 T

o
t51

T

1
etet21

c/ÎT 1 D yt21
2 2

2

1 op(1)

5
1

vTsg
2 T

o
t51

T

1
etet21

c/ÎT 1 et21
2 2

2

1 op(1)

5 1 1 op(1)

from (i) above. This leaves

tg 2 1z 2
c0vTgg

vTsg
2 5 op(1),

and the result follows. Q.E.D.

Proof of Corollary 4:

We have

tg 5

1

vTag ÎT
o
t51

T

D yt o
i51

t

ai21
D yt2i

c/ÎT 1 D yt2i
2

1
1

vTag
2 T

o
i51

T

1ût o
i51

t

ai21
D yt2i

c/ÎT 1 D yt2i
2 2

2

2
1/2

5

1

vTag ÎT
o
t51

T

D ytC(L) 1
D yt21

c/ÎT 1 D yt21
2 2

1
1

vTag
2 T

o
t51

T

1ûtC(L) 1
D yt21

c/ÎT 1 D yt21
2 22

2

2
1/2
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whereC(L) 5 1 1 aL 1 a2L2 1 · · · , andL denotes the lag operator.
Define

xTt21 5 C(L) 1
et21

c/ÎT 1 et21
2 2 , xTt21 5 C0(L) 1

et21

c0/ÎT 1 et21
2 2 .

whereC0(L) 5 1 1 a0L 1 a0
2L2 1 · · · , andnote that the process in

equation (7) can be written as

D yt 5 et 1
c0

ÎT
(a0 2 1)xTt21.

The only change from the case in theorem 3 is that, sincexTt depends on
the infinite past ofet, we cannot directly map the mixing properties ofet to
xTt. However, we can utilize the concept of near-epoch dependence (NED).
From Davidson (1994, definition 17.1),xTt is Lp-NED on 5et6 if

(E 0xTt 2 E(xTt 0F t2m
t1m) 0p)1/p # dTtzm

wherep . 0, zm= 0 and5dTt6 is a positive sequence of constants. We have

E0xTt 2 E(xTt 0F t2m
t1m) 0

5 E 0o
i50

`

ai
et2i

c/ÎT 1 et2i
2

2 E 1o
i50

`

ai
et2i

c/ÎT 1 et2i
2 0I t2m

t1m2 0

5 E 0 o
i5m11

`

ai 1
et2i

c/ÎT 1 et2i
2

2 E 1
et2i

c/ÎT 1 et2i
2 0I t2m

t1m22 0

# o
i5m11

`

aiE 0 et2i

c/ÎT 1 et2i
2

2 E 1
et2i

c/ÎT 1 et2i
2 0I t2m

t1m2 0

# 2E 0 et

c/ÎT 1 et
2 0 o

i5m11

`

ai.

Let zm 5 Si5m11
` ai = 0 and

dTt 5 2E 0 et

c/ÎT 1 et
2 0 5 O(Tj)

wherej . 1/8. We can then proceed with the type of ‘‘telescoping sum’’
proofs given for theorem (2) and (3) (i.e., decomposing the statistic into
sums of martingale differences and utilizing the mixing properties ofet and
lemma (A1). The results go through in identical fashion to those in the
proof of theorem (3). We present an outline below.

For the numerator oftg:

1

vTag ÎT
o
t51

T

D ytC(L) 1
D yt21

c/ÎT 1 D yt21
2 2

5
1

vTag ÎT
o
t51

T

1et 1
c0

ÎT
(a0 2 1)xTt212C(L) 1et21 1

c0

ÎT
(a0 2 1)xTt22

c/ÎT 1 D yt21
2 2

5
1

vTag ÎT
o
t51

T

etC(L) 1
et21

c/ÎT 1 D yt21
2 2

1
c0

vTag T
(a0 2 1) o

t51

T

xTt21C(L) 1
et21

c/ÎT 1 D yt21
2 2

1
c0

vTag T
(a0 2 1) o

t51

T

etC(L) 1
xTt22

c/ÎT 1 D yt21
2 2

1
c0

2

vTag T3/2
(a0 2 1)2 o

t51

T

xTt21C(L) 1
xTt22

c/ÎT 1 D yt21
2 2

5
1

vTag ÎT
o
t51

T

et xTt21 1
c0

vTag T
(a0 2 1) o

t51

T

xTt21xTt21 1 op(1)

5 z 1 (a0 2 1)
c0vTagg

vTag

1 op(1)

wherez, N(0, 1).
For the denominator, we have

1

vTag
2 T

o
t51

T

1ût o
i51

t

ai21
D yt2i

c/ÎT 1 D yt2i
2 2

2

5
1

vTag
2 T

o
t51

T

1et o
i51

t

ai21
et2i

c/ÎT 1 et2i
2 2

2

1 op(1)

5 1 1 op(1)

Thus,

tg 2 c0(a0 2 1)
vTagg

vTag

=
d

N(0, 1),

and the result follows. Q.E.D.

Proof of Theorem 5:

Gaussianity ofL( yT, w) and compactness ofC provide sufficient
regularity for the existence of the QMLE (White, 1994), theorem (2.12).

We have

T21L( yT, w) 5 2
1

2Ts2 o
t51

T

(D yt 2 aD yt21 1 ut21et21)2 2
1

2
log (2ps2)

5 T21 o
t51

T

log ft( yt, w).

Repeated substitution foret21 reveals thatft( yt, w) is a function of the
increasing sequence5yi: i 5 1, 2 . . . ,t6. Thus, to show consistency, we
utilize the uniform law of large numbers (ULLN) for heterogeneous
processes in theorem (4.2) of Wooldridge (1994). To invoke this ULLN,
we need to show that5log ft( yt, w): t 5 1, 2 . . .6 satisfies a weak law of
large numbers (WLLN) for allw [ C and that there exists a function
ct( yt) $ 0 that satisfies a WLLN and has the property that0 log ft( yt,
w1) 2 log ft( yt, w2) 0 # ct( yt)7w1 2 w28 for all w1, w2 [ C, where7x8 denotes
the Euclidean norm of the vectorx. Once the ULLN has been shown to
hold, we can claim consistency directly from theorem (4.3) of Wooldridge
(1994).

For somew̃ [ C, we have

log ft( yt, w̃) 5 2
1

2s̃2
ẽt

2 2
1

2
log (2ps̃2),

where ẽt 5 D yt21 2 ãDyt21 1 ũt21ẽt21. We will show thatẽt is L2-near
epoch department (NED) on the mixing sequence5et6, and then use the
WLLN in theorem (1) of Andrews (1988).
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Following example (17.4) in Davidson (1994), we define a function
g̃t(et, et21, . . . ,e0) such thatẽt ; g̃t and consider aF t2m

t -measurable
function g̃t

m(et, et21, . . . ,et2m) 5 g̃t(et, et21, . . . ,et2m, 0, 0, . . .). From a
first-order Taylor expansion, we obtain

g̃t 2 g̃t
m 5 o

j5m11

t

1
g̃t

et2j
2
*

et2j ,

where * indicates that the derivatives are evaluated at points between 0 and
et2j.

Now

\ẽt 2 E(ẽt 0I t2m
t1m)\2 # \ẽt 2 g̃t

m\2

5 00 o
j5m11

t

1
g̃t

et2j
2
*

et2j 00
2

# o
j5m11

t

00 1 g̃t

et2j
2
*

et2j 00
2

where\x\p ; (E 0x 0p)1/p. Differentiating yields

g̃t

et2j
5

D yt

et2j
2 ã

D yt21

et2j
1 1ũt21 1

ũt21

ẽt21
ẽt212 g̃t21

et2j

5 1
D yt

et2j
2 ã

D yt21

et2j
2 1 k̃t21 1

D yt21

et2j
2ã

D yt22

et2j
2

1 k̃t21k̃t22 1
D yt22

et2j
2

D yt23

et2j
2 1 · · · 1 k̃t21k̃t22 · · ·

k̃t2j11 1
D yt2j11

et2j
2

D yt2j

et2j
2 1 k̃t21k̃t22 . . . k̃t2j

D yt2j

et2j
,

where k̃t21 ; ũt21 1 (ũt21/ẽt21)ẽt21 5 1 2 (1 2 ã)(1 1 h̃t21)q̃t21 and
h̃t 5 (q̃t /ẽt)(ẽi /q̃t).

UsingD yt 5 et 1 (a0 2 1)Si51
t21a0

i21(1 2 qt2i)et2i , we have

g̃t

et2j
5 (a0 2 1)(a0

j21 2 ãa0
j22) 11 2 qt2j 2

qt2j

et2j
et2j2

1 k̃t21(a0 2 1)(a0
j22 2 a0

j23) 11 2 qt2j 2
qt2j

et2j
et2j2

1 · · ·1k̃t21k̃t22 . . . k̃t2j11(a0 2 1) 11 2 qt2j 2
qt2j

et2j
et2j2

2 k̃t21k̃t22 . . . k̃t2j11ã 1 k̃t21k̃t22 . . . k̃t2j

which implies that

0 g̃t

et2j
0 # 0a0 2 1 0 0a0 2 ã 0 0a0

j22 1 k̃t21a0
j23 1 k̃t21k̃t22a0

j24

1 · · ·1 k̃t21k̃t22 . . . k̃t2j12 0 0 (1 2 (1 1 ht2j)qt2j) 0

1 0a0 2 1 0 0 k̃t21k̃t22 . . . k̃t2j11 0 0 (1 2 (1 1 ht2j)qt2j) 0

1 0 k̃t21k̃t22 . . . k̃t2j11 0 0 k̃t2j 2 ã 0 .

Now, the function (11 h̃t21)q̃t21 is bounded above by 9/8 and is positive
wp 1. Thus, there exists a constantk such that0 k̃t 0 # k , 1 wp 1 for all t.

Also, sincea0, ã [ [0, 1) we havea0, ã # k. It follows that

0 g̃t

et2j
0 # 0 ( j21) kj21 1 kj21 0 0 (1 2 (1 1 ht2j)qt2j) 0 1 20kj 0

# ( j 1 2)kj

= 0 as j = `.

Now, from above

\ẽt 2 E(ẽt 0I t2m
t1m)\2 # o

j5m11

t

001 g̃t

et2j
2
*

et2j 00
2

# o
j5m11

t

( j 1 2)kj \et2j\2

5 dtzm,

wheredt 5 \et\2 and zm 5 Sj5m11
` ( j 1 2)kj. Thus, ẽt is L2-NED on 5et6,

which implies thatẽt
2 is L1-NED from Davidson (1994, theorem (17.9)).

Then, from theorem (17.5) of Davidson (1994),5ẽt
2 2 E(ẽt

2), It 6 is an
L1-mixingale with constantsd*t ; d* 5 2\ẽt\2p for somep . 1. To invoke
the WLLN in Andrews (1988, theorem (1), we need the sequence5ẽt

26 to the
uniformly integrable andd* to be finite. These conditions will be satisfied
if E(ẽt

2p) , ` (Davidson, 1994, theorem (12.10)). Now, from Minkowski’s
inequality and repeated substitution,

E(ẽt
2p) # (\D yt\2p 1 \ãD yt\2p 1 \ũt21ẽt21\2p)2p

# (2\D yt\2p 1 k\ẽt21\2p)2p

# 1
2

1 2 k
\D yt\2p2

2p

, `

since\et\2p , ` implies\D yt\2p , `. Thus, from Andrews WLLN, we have

T21 o
t51

T

log ft( yt, w̃) =
p

E 1T21 o
t51

T

log ft( yt, w̃)2
for eachw̃ [ C.

Consider a mean value expansion of logft( yt, w) aroundw 5 w2

log ft( yt, w) 2 log ft( yt, w2) 5 (=w log ft( yt, w))* /(w 2 w2)

where * indicates evaluation of the derivative at a point betweenw andw2.
Thus, we have, forw 5 w1,

0 log ft( yt, w1) 2 log ft( yt, w2) 0 # 7=w log ft( yt, w)* 87w1 2 w28

where7x8 denotes the Euclidean norm of the vectorx. To use the ULLN of
Wooldridge (1994), we definect( yt) 5 supw[C 7=w log ft( yt, w)8 and show
that it satisfies a WLLN. We have

7=w log ft( yt, w̃)8 5 (s̃24w̃t
2ẽt

2 1 s̃24ṽ t
2ẽt

2 1 s̃26(ẽt
2 2 s̃2)2)1/2

# s̃22 0 w̃tẽt 0 1 s̃22 0 ṽtẽt 0 1 s̃23 0 ẽt
2 2 s̃2 0 .

Consider

0 w̃t 0 # 0 b̃t21w̃t21 0 1 (1 2 ã) 0 ẽt21
3

(g̃ 1 ẽt21
2 )20 .
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Now

0 ẽt21
3

(g̃ 1 ẽt21
2 )20 #

3 Î3

16Îg̃
,

1

Îg̃

and 0 b̃t21 0 , 1 wp 1, which implies0 w̃t 0 , k0 w̃t21 0 1 (1 2 ã)g̃21/2 wp 1.
Then, sincew0 5 0 wp 1, we have

0 w̃t 0 ,
(1 2 ã)

(1 2 k) Îg̃
, ` wp 1 ;w̃ [ C.

Similarly for ṽt we have

0 ṽt 0 # o
i51

t

ki21 0 q̃t2iẽt2i 2 D yt2i 0

# o
i51

t

ki21(0 ẽt2i 0 1 0D yt2i 0).

Now consider

0 ẽt 0 # 0D yt 0 1 0 ãD yt21 0 1 0 ũt21ẽt21 0

# 0D yt 0 1 k0D yt21 0 1 k0 ẽt21 0

# 2 o
i50

t

ki 0D yt2i 0

5 2 o
i50

t

ki 0et2i 1 (a0 2 1) o
j51

t2i21

a0
j21(1 2 qt2i2j)et2i2j0

# 2 o
i50

t

ki 10et2i 0 1 0a0 2 1 0 o
j51

t2i21

a0
j21

Îg0

2 2
# 2 o

i50

t

ki 0et2i 0 1 K1

whereK1 is a finite constant.
Thus, we have

7=w log ft( yt, w̃)8 #
1 2 a

s̃2(1 2 k) Îg̃
0 ẽt 0 1

1

s̃2
0 ṽt \ ẽt 0 1

1

s̃3
0 ẽt 02

#
1 2 ã

s̃2(1 2 k) Îg̃ 12 o
i51

t

ki 0et2i 0 1 K12

1
1

s̃2 12 o
i51

t

ki o
j50

t2i

kj 0et2i2j 0 1 o
i51

t

ki 0et2i 0 1 K22
3 12 o

i51

t

ki 0et2i 0 1 K12
1

1

s̃3 12 o
i51

t

ki 0et2i 0 1 K12
2

# ct( yt),

where ct( yt) ; K3((c1t 1 K1) 1 (c1t 1 Si51
t kic1t2i 1 K2)(c1t 1 K1) 1

(c1t 1 K1)2) with c1t ; 2Si50
t k i 0et2i 0 andK2 andK3 finite constants. Now

consider

\c1t 2 E(c1t 0I t2m
t1m)\2 5 2 00 o

i5m11

t

ki 0et2i 000
2

# 2 o
i5m11

t

ki \et\2.

Thusc1t is L2-NED with dt 5 \et\2 andzm 5 Si5m11
` ki. It follows thatc1t

2 is
L1-NED and, since\et\2p , ` for somep . 1, c1t

2 is also uniformly
integrable. Thusct( yt), which is a function ofc1t

2 , obeys the WLLN in
Andrews (1988, theorem (1)).

We can now assert that5log ft( yt, w)6 satisfies the ULLN in Wooldridge
(1994, theorem (4.2)) and thus, from theorem (4.3) of Wooldridge (1994),
we havew̃ =

p
w0. Q.E.D.

Proof of Theorem 6:

Consider a first-order mean value expansion of the first-order condition
aroundw0. Define=w

2L( yT, w) as the hessian. The mean value expansion
yields

=wL( yT, ŵ) 5 0 5 =wL( yT, w0) 1 =w
2L̈( yT, w)(ŵ 2 w0)

where =w
2L̈( yT, w) has each row evaluated at a mean value (possibly

different for each row) lying betweenŵ andw0. We can rearrange to get

ÎT (ŵ 2 w0) 5 H0
21T21/2=wL( yT, w0) 1 ((2T21=w

2L̈( yT, w))21

2 H0
21)T21/2=wL( yT, w0)

5 H0
21T21/2=wL( yT, w0) 1 op(1).

To verify this, we need to show that the hessian obeys a uniform law of
large numbers (ULLN).

We partition the scores vectorT21/2=wL( y T, w) as

T21/2=wL( yT, w) 5 3 2s22T21/2 o
t51

T

stet

s23T21/2 o
t51

T

(et
2 2 s2)4 ,

wherest 5 (wt, vt)8 as defined in equations (15) through (17). Similarly, we
partition the hessian into the matrix

2T21=w
2L( yT, w) 5 H 5 3

H1 H3

H83 H2
4

and consider each of the componentsH1, H2, andH3 separately. As in the
proof of theorem (5), showing thatH satisfies a ULLN requires verification
of two conditions (Wooldridge, 1994, theorem (4.2)). First, we show that
the elements ofH have summands that areL1-NED on 5et6 and satisfy the
WLLN in Andrews (1988, theorem (1)) for eachw [ C. Second, we
require existence of some matrix functionct( yt) that satisfies a WLLN and
has the property that0h( yt, w1) 2 h( yt, w2) 0 # ct( yt)7w1 2 w28 for all w1,
w2 [ C, whereh( yt, w1) denotes the summands ofH.

For somew̃ [ C, consider

H̃1 5
1

Ts̃2 o
t51

T

1s̃ts̃8t 1 ẽt

s̃t

w̃12
2

where w12 5 (ga). We showed in the proof of theorem (5) that5ẽt6 is
L2-NED on 5et6, and we show below that5s̃t6 and 5s̃t/w̃126 areL2-NED on
5et6. It then follows from Davidson (1994, theorem (17.9)) that the
summands ofH̃1 areL1-NED on 5et6.

Recall thatst 5 (wt, vt)8. As in the proof of theorem (5), consider a
functionw̃t

m, which is anI t2m
t -measurable approximationw̃t defined such

that a first-order Taylor expansion produces

w̃t 2 w̃t
m 5 o

j5m11

t

1
w̃t

et2j
2
*

et2j ,
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where * indicates that the derivatives are evaluated at points between 0 and
et2j. Now,

w̃t

et2j
5 b̃t21

w̃t21

et2j
1 w̃t21

b̃t21

ẽt21

g̃t21

et2j
1

3g̃ẽt21
2 2 ẽt21

4

(g̃ 1 ẽt21
2 )3

g̃t21

et2j

whereg̃t is as defined in the proof of theorem (5). Now, since there exists
k , 1 such thatb̃t21 # k wp 1 for all t, we have

0 w̃t

et2j
0 # 0 1

1 2 k 1w̃t21

b̃t21

ẽt21
1

3g̃ẽt21
2 2 ẽt21

4

(g̃ 1 ẽt21
2 )3 2 g̃t21

et2j
0 wp 1.

Note that0 w̃t 0 is bounded wp 1 (see the proof of theorem (5)) and that

0b̃t21

ẽt21
0 5 (1 2 ã) 06g̃2ẽt21 2 2g̃ẽt21

3

(g̃ 1 ẽt21
2 23 0 , ` wp 1.

This leads to

0 w̃t

et2j
0 # Kw 0g̃t21

et2j
0 wp 1

for someKw , `. Thus,

\w̃t 2 E(w̃t 0I t2m
t1m)\2 # o

j5m11

t

001 w̃t

et2j
2
*

ei2j 00
2

# Kw o
j5m11

t

00 1 g̃t

et2j
2
*

et2j 00
2

.

# Kw o
j5m11

t

( j1 2)kj \et2j \2

from the proof of theorem (5). It follows that, since\et\2 , ` and
limm=` Sj5m11

t ( j 1 2)kj 5 0, 5w̃t6 is L2-NED on 5et6 (Davidson, 1994,
definition (17.1)).

Similarly, we have

0 ṽt

et2j
0 5 0 b̃t21

ṽt21

et2j
1 ṽt21

b̃t21

ẽt21

g̃t21

et2j
1

ẽt21
2 (ẽt21

2 1 3g̃)

(g̃ 1 ẽt21
2 )2

g̃t21

et2j
1

D yt21

et2j
0

# o
i51

j

ki 0 t2i

b̃t2i

ẽt2i

g̃t2i

et2j
1

ẽt2i
2 (ẽt2i

2 1 3g̃)

(g̃ 1 ẽt2i
2 )2

g̃t2i

et2j
1

D yt2i

et2j
0

# Kv1 o
i51

j

ki(0 ṽt2i 0 1 Kv2) 0 t2i

et2j
0 1 o

i51

j

ki 0 D yt2i

et2j
0

# kj( j 1 2)Kv1 o
i51

j

ki(0 ṽt2i 0 1 Kv2) 1 jkj

for some finite constantsKv1 andKv2. As for w̃t, we can write

\ṽt 2 E(ṽt 0I t2m
t1m)\2 # o

j5m11

t

00 1 ṽt

et2j
2
*

et2j 00
2

Then, expressingṽt as a function ofet as in the proof of theorem (5), and
using the fact that\et\4p , ` for somep . 1 leads to the result that5ṽt6 is
L2-NED on 5et6.

Now s̃t/w̃12 is a symmetric 23 2 matrix with the following
components:

w̃t

g̃
5 b̃t21

w̃t2i

g̃
1

b̃t21

g̃
w̃t21 2 (1 2 ã)

2ẽt21
3

(g̃ 1 ẽt21
2 )3

2 (1 2 ã)
3g̃ẽt21

2 2 ẽt21
4

(g̃ 1 ẽt21
2 )3

w̃t21,

w̃t

ã
5

ṽt

g̃
5 b̃t21

ṽt21

g̃
1

b̃t21

g̃
ṽt21 2

ẽt21
3

(g̃ 1 ẽ t21
2 )2

1
3g̃ẽt21

2 1 ẽt21
4

(g̃ 1 ẽt21
2 )2

w̃t21,

ṽt

ã
5 b̃t21

ṽt21

ã
1

b̃t21

ã
ṽt21,

where

b̃t21

g̃
5 (1 2 ã)

(3g̃ 2 ẽt21
2 )ẽt21

2

(g̃ 1 ẽt21
2 )3

2 (1 2 ã)
6g̃2ẽt21 2 2g̃ẽt21

3

(g̃ 1 ẽt21
2 )3

w̃t21,

b̃t21

ã
5

(3g̃ 1 ẽt21
2 )ẽt21

2

(g̃ 1 ẽt21
2 )2

2 (1 2 ã)
6g̃2ẽt21 2 2g̃ẽt21

3

(g̃ 1 ẽt21
2 )3

ṽt21.

By processing in a manner analogous to that forwt andvt above, we can
show that the elements of5s̃t/w̃126 are L2-NED on 5et6. Thus, from
Davidson (1994, theorem (17.9)), the summands ofH̃1 areL1-NED on 5et6.
Further, sinces̃t, s̃t/w̃12 andẽt have more than two finite moments, we can
invoke the WLLN in Andrews (1988, theorem (1)). Thus, we haveH̃1 2
E(H̃1) =

p
0 for eachw̃ [ C.

Now the (1, 1) element of the matrixH1 is

H11 5
1

Ts2 o
t51

t

1wt
2 1 et

wt

g 2 ;
1

T o
t51

T

ht11.

Consider a mean value expansion ofht11 aroundw 5 w̆

ht11 2 h̆t11 5 (=wht11)* /(w 2 w̆)

where * indicates evaluation of the scores function at a point betweenw
andw̆. We have, forw 5 w̆,

0 ĥt11 2 h̆t110 # 7=wh*t118 7ŵ 2 w̆8 ,

where7x8 denotes the Euclidean norm of the vectorx. Note we must show
that there exists a functionct11( yt) independent ofw that satisfies a WLLN
and has the property that7=wh*t118 # ct11( yt). The elements of=wh̃t11 for
somew 5 w̃ are as follows:

0
h̃t11

g̃ 0 5 0 1s̃2 12w̃t

w̃t

g̃
1 ẽt

2w̃t

g̃2
1 w̃t

w̃t

g̃ 20 # 0K1g 1 K2gẽt 0

0
h̃t11

ã 0 5 0 1s̃2 12w̃t

w̃t

ã
1 ẽt

2w̃t

ãg̃
1 w̃t

w̃t

ã 20 # 0K1a 1 K2aẽt 0

0
h̃t11

s̃ 0 5 0 2s̃3 1w̃t
2 1 ẽt

w̃t

g̃ 20 # 0K1s 1 K2sẽt 0
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whereKij , ` are constants independent ofw. The inequalities follow from
wp 1 boundedness of the terms in parentheses and imply that there exist
finite constantsK0, K1 andK2 such that

7=wht118 # 0K0 1 K1ẽt 1 K2ẽt
2 0

for all w̃ [ C. Now since0K0 1 K1ẽt 1 K2ẽt
2 0 obeys a WLLN (from the

proof of theorem (5)), the ULLN in Wooldridge (1994, theorem (4.2))
holds for the (1, 1) element ofH1. Although terms involvingṽt are not
bounded wp 1, we can use arguments similar to those above and in the
proof of theorem (5) to show that a functionct exists for the other elements
of H1. It follows thatH1 2 E(H1) =

p
0 uniformly onC.

Consider

H̃2 5
1

Ts̃2 o
i51

T

(3ẽt
2/s̃2 2 1).

Sinces̃2 . 0 and since we showed in theorem (5) that5ẽt
26 obeys a ULLN,

we can assert thatH2 2 E(H2) =
p

0 uniformly onC.
Consider

H̃3 5 2
2

Ts̃3 o
t51

T

s̃tẽt.

Since both5s̃t6 and 5ẽt6 areL2-NED on 5et6, we have from Davidson (1994,
theorem (17.9)) that5s̃tẽt6 is L1-NED on 5et6 and satisfies Andrew’s WLLN.
Further, using arguments similar to those above and the fact that5ẽt

26
satisfies a WLLN, we can show that there exists a functionct3( yt)
independent ofw that satisfies a WLLN and has the property that0h3( yt,
w1) 2 h3( yt, w2) 0 # ct3( yt)7w1 2 w28 for all w1, w2 [ C, whereh3( yt, w1)
denotes the summands ofH3. Thus,H3 2 E(H3) =

p
0 uniformly onC.

From the above arguments, wehave thatT21=w
2L( yT, w) 2 E(T21=w

2L 3
( yT, w)) =

p
0 uniformly onC, and we must now verify that (2T21=w

2 L̈( yT,
w)) 2 H0 =

p
0. Consider

(2T21=w
2L(yT, ŵ)) 2 H0 5 (2T21=w

2L(yT, ŵ)

2 E(2T21=w
2L(yT, ŵ)))

1 (E(2T21=w
2L( yT,ŵ)) 2 H0).

Now, the first term goes to zero from the above ULLN. SinceT21=w
2 3

L( yT, w) is a continuous function ofw, consistency ofŵ for w0 ensures that
the second term goes to zero in probability (White, 1984, proposition
(2.11)). Thus, (2T21=ŵ

2L( yT, ŵ)) 2 H0 =
p

0, which implies that (2T21=w
2 3

L̈(yT, w)) 2 H0 =
p

0 since the arguments ofL̈(yT, w) always lie betweenŵ
andw0.

Note at this point that

H01 5 E 1 1

Ts0
2 o

t51

T

1sts8t 1 et

st

w12
22 5

1

Ts0
2 o

t51

T

E(sts8t),

H02 5 E 1 1

Ts0
2 o

t51

T

(3et
2/s0

2 21)2 5
2

s0
2

and

H03 5 E 12 2

Ts0
3 o

t51

T

stet2 5 0

from the martingale difference property of5et, It 6.
Now consider

l8V0
21/2T21/2=w L(yT, w0) 5 l8V0

21/2 3 2s0
22T21/2o

t51

T

stet

s0
23T21/2 o

t51

T

(et
2 2 s0

2)4
; l8V0

21/2T21/2 o
t51

T

Zt

wherel8l 5 1. We use the central-limit theorem for mixingales in theorem
(1) of de Jong (1997) to show thatl8V0

21/2T21/2St51
T Zt =

p
N(0, 1). It then

follows from the Crame´r-Wold device (White, 1984, proposition (5.1)) that
V0

21/2T21/2St51
T Zt =

p
N(0, I ). For all m . 0, we can utilize the martingale

difference property of5stet, It 6 to obtain

\E(l8V0
21/2T21/2Zt0ITt2m)\2 5 \E(l*3 T21/2s0

23(et
2 2 s0

2)0ITt2m)\2

# 2(11 Î2)s0
23l*3T21/2a(m)(p21) /2p\et

2\2p

from Davidson (1994, theorem (14.2)), wherel*3 denotes the third element
of the vectorl8V0

21/2 andp . 1. Thus, since\et
2\2p , ` anda(m) is of

sizep/( p 2 1), the sequence5l8V0
21/2T21/2Zt, ITt6 is anL2-mixingale of size

21/2 with mixiangle indicesaTt 5 2(1 1 Î2)s0
3l*3 T21/2\et

2\2p. The as-
sumption that\et

2\2p , ` is then sufficient for the remaining conditions of
de Jong’s Theorem. Thus, we have

V0
21/2T21/2=wL( yT, w0) =

p
N(0, 1),

and the result follows. Q.E.D.
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